We show that if a braid B can be parametrised in a certain way, then previous work [9] can be extended to a construction of a polynomial f : R 4 → R 2 with the closure of B as the link of an isolated singularity of f , showing that the closure of B is real algebraic. In particular, we prove that closures of squares of strictly homogeneous braids and certain lemniscate links are real algebraic. We also show that the constructed polynomials satisfy the strong Milnor condition, providing an explicit fibration of the complement of the closure of B over S 1 .
map R 4 → R 2 , then a point is singular if and only if it is critical. In general, the singular points are by definition a subset of the critical points. The links around singularities of real polynomial maps are less well studied than in the complex case and in fact they are not classified yet. We show that there are infinite families of links that arise in this way.
Singular points of polynomial maps f : R 4 → R 2 can be isolated in two very different ways. A singular point x of f is called weakly isolated if it has an ε-neighbourhood B ε such that x is the only critical point in B ε that is also part of the vanishing set. The link type of the intersection of three-spheres of small enough radius about x with the vanishing set of f is then, exactly as in the case of complex plane curves, independent of the radius and we call the resulting 1-manifold the link of the singularity. The links that arise in this way are called weakly algebraic links. Weak isolation is not a very strong condition and Akbulut and King showed that every link is weakly algebraic [2] .
The situation changes if we impose stricter conditions. A singular point x of f is called isolated if it has an ε-neighbourhood B ε such that x is the only critical point in B ε . Again we define the link of the singularity to be the intersection of f −1 (0) with S 3 ε and call the links that arise in this way real algebraic links.
Unfortunately, the terms 'real algebraic knots' and 'algebraic knots' are used in several different contexts. Closures of compositions of rational tangles are called algebraic knots [16] as well as the links of isolated singular points of complex plane curves. Additionally, in our terminology the title of Akbulut and King's paper 'All knots are algebraic' [2] translates to 'All knots are weakly algebraic'. Oleg Viro and others have developed a branch of knot theory called real algebraic knot theory where the knots of interest are (projective) algebraic varieties [34] . Our use of the term 'real algebraic' goes back to Perron's paper [29] whose title translates to 'The figure eight knot is real algebraic'. We find this fitting as it stresses the analogy to the case of complex plane curves.
Compared to weak isolation, the stronger notion of isolation is much more restrictive.
In particular, Milnor showed that every real algebraic link is fibered [25] . Benedetti and Shiota conjectured in [5] that the two sets are actually identical and that every fibered link should be real algebraic.
This conjecture is to our knowledge still open. Naturally, all algebraic links are real algebraic and some examples of non-algebraic links have been shown to be real algebraic, including the figure-eight knot and the Borromean links by Perron [29] and Rudolph [30] .
Furthermore, Looijenga showed that if K is fibered, then the connected sum K#K is real algebraic [23] . The proofs by Perron, Rudolph and Looijenga illustrate a difficulty of the conjecture, namely that there does not seem to be any way of proving that a given link is real algebraic other than constructing a corresponding polynomial f explicitly.
Motivated by applications to physical systems such as optical scalar fields [7] , [18] , non-linear field theories [33] , quantum-mechanics [6] , liquid crystals [24] and topological fluids [26] , we developed a construction of polynomials f : R 4 → R 2 such that f −1 (0)∩S 3 is any given link [8] , [9] , [17] . In fact, the constructed polynomials are semiholomorphic; they can be written as a complex polynomial in complex variables u, v and the complex conjugate v.
The semiholomorphic polynomials described in [9] have the desired link as their zero level set on the unit three-sphere. However, the construction does not provide any information about three-spheres of different radii and it is straightforward to see that the constructed polynomials are typically not of the desired form with a (weakly) isolated singular point at the origin and the required link around it [17] .
In this paper we introduce conditions under which we can manipulate the polynomials constructed in [9] to obtain a polynomial that satisfies all of Akbulut and King's properties.
Furthermore, if additional conditions are met, the singular point at the origin is shown to be not only weakly isolated, but isolated. This explicit construction allows us to show the real algebraicity of an infinite family of links. The main result of this paper is the following theorem. • as a map from R 4 to R 2 the map f has an isolated singularity at the origin,
ρ is ambient isotopic to the closure of B for all positive ρ ≤ 1,
Hence the closure of B is real algebraic.
Hopefully the proof might be extended to more links and some of the desirable properties of algebraic links can be found for links of real singularities as well.
The structure of the paper is as follows. In Section II we review the construction of semiholomorphic polynomials whose nodal set on the unit three-sphere is any given knot or link from [9] . Section III discusses ways of manipulating these polynomials to obtain maps with weakly isolated singularities and Section IV states when the resulting maps can be taken to be polynomials. The proof of Theorem I.1 can be found in Section V.
In Section VI we give numerical indications that some links not covered by Theorem I.1
can be proven to be real algebraic in a similar fashion. In Section VII we show that the argument of the constructed polynomial f is a fibration of S 3 ε \ f −1 (0) over S 1 .
II. KNOTTED NODAL SETS ON S 3
The construction of semiholomorphic polynomials with knotted zero level sets on the unit three-sphere in [9] is built around the idea of Alexander's theorem that every link is the closure of some braid [3] . It is convenient to study braids (or rather their equivalence classes) as elements of the Artin Braid Group and the algebraic properties have led to important insights in knot theory. In our construction however, it is more convenient to consider a braid B on s strands as a collection of s disjoint parametric curves
such that there exists a permutation π B ∈ S s such that
for all j ∈ {1, 2, . . ., s}.
For a parametrisation as in Equation (1), we can define a family of polynomials g a,b :
with a, b > 0. By construction the zero level set of g a,b is the braid B for any choice of a and b.
Let C be the set of link components of the closure of B and s C be the number of strands forming the link component C ∈ C . Suppose now that the parametrisation (1) is of the
where F C and G C are trigonometric polynomials
where a C,− j = a C, j and b C,− j = b C, j for all C and all j. We often call a parametrisation like this a Fourier parametrisation. Then by a result from [9] g a,b can be written as a polynomial in u, e it and e −it . This expression is unique once it is simplified so that it does not contain any monomials with factors of the form e it e −it . Each g a,b is thus the restriction of a semiholomorphic polynomial f a,b to the set C × S 1 , i.e. there is a polynomial f a,b : C 2 → C in u, v and v, such that f a,b (u, e it ) = g a,b (u,t) for all u and t.
Hence f
is the closure of B for all a and b. We showed in [9] that if λ > 0 is chosen sufficiently small, then the zero level set of f λ a,λ b on the unit three-sphere S 3 is the closure of B. Knowing how to find a braid parametrisation as in Equation (4) and how small λ has to be makes this construction algorithmic. In fact the nature of our construction allows us to establish certain properties of the constructed functions such as a certain stability of the link under small perturbations of the coefficients and a bound on the polynomial degree in terms of braid data [9] .
III. WEAKLY ISOLATED SINGULARITIES
In order to prove Theorem I.1 we need to make certain alterations to the construction described in [9] and outlined in Section II. Let B be a braid on s strands. Then there is an algorithm that generates a family of semiholomorphic polynomial f a,b : C 2 → C in u, v and v such that f −1 a,b (0) ∩ S 3 is the closure of B if a and b are small enough. However, it does not necessarily have a weakly isolated singularity and the zero level set on threespheres of small radii is typically different from the closure of B.
In some cases however, the function f a,b can be manipulated in such a way that it has a weakly isolated singular point at the origin with the desired link around it.
Lemma III.1. Let q 1 , q 2 ∈ R ≥0 and g a,b constructed as in Equation (3) Next we need to show that the singular point at the origin is weakly isolated. Note that p a,b,k (u, 0) = u s , so the origin is the only point with p a,b,k (u, v) = 0 and v = 0. Now 
It follows from the Cauchy-Riemann equations that the Jacobian of p a,b,k , again viewed as a map R 4 → R 2 , has full rank at (u, v) and hence the singular point at the origin is weakly isolated.
Since 
where
The vector in Equation (8) We have thus shown that as the radius ρ of the three-sphere S 3 ρ varies between zero and one the link type of p
ρ does not change if λ is small enough and k is large enough. Hence for sufficient choices of a, b and k the zero level set of p a,b,k on the three-sphere of any radius at most one is the closure of B, which finishes the proof.
Lemma III.1 is in general not constructing functions of the form discussed by Akbulut and King. The newly defined function p a,b,k is a polynomial in u, but it might not be possible to write it as a polynomial in v and v.
If we set q 1 = q 2 = 0, the resulting function
only depends on r by the scaling in the u-coordinate and the overall factor r 2sk . Hence the next lemma follows from Lemma III.1 with q 1 = q 2 = 0.
Lemma III.2. For large enough k and small enough a, b
has a weakly isolated singular point at the origin and p
As an example we consider the braid parametrised by
with a, b > 0. Its closure is the 2-component link L 6a1 . Defining g a,b as in Equation (3) and expanding the product yields
Then using de Moivre's identities sin(nt) = 1/(2i)(e int − e −int ) and cos(nt) = 1/2(e int + e −int ) we get with k = 1,
We set r = √ vv, e it = v/ √ vv, e −it = v/ √ vv and q 1 = q 2 = 0 and obtain
This function is easily checked to have a weakly isolated singularity at the origin. By the previous lemmas the link of the singularity is the closure of the braid parametrised by Equation (11) if a and b are small enough.
Note that in this example we obtain a polynomial in u, v and v. The next section discusses for which braid parametrisations this happens.
IV. BRAID PARAMETRISATIONS LEADING TO POLYNOMIAL MAPS
The construction described in Section III clearly works for any given braid and the 
is a polynomial in u, v and v,
• F has a weakly isolated singular point at the origin,
ρ is the closure of B for all ρ ∈ (0, 1],
Proof. Take is a polynomial in u, e 2it and e −2it . In order to construct polynomial maps R 4 → R 2 with a weakly isolated singular point it is hence sufficient to find braid parametrisations as in Equation (4) (4) and (5) Proof. We can write the polynomial g a,b as
where ∑ ′ is the sum over pairs of tuples, one j-tuple of j ′ ∈ {0, 1, . . ., N C } with nonvanishing a C, j ′ for some C ∈ C and one n-tuple of n ′ ∈ {0, 1, . . ., M C } with non-vanishing b C,n ′ for some C ∈ C and for each such pair of such tuples ∑ ′′ is taken to be the sum over all entries j ′ of the j-tuple plus the sum over all entries n ′ of the n-tuple. The coefficients c i, j,n,pair are complex numbers depending on the values of i, j, n and the pair of tuples.
The conditions (i) and (ii) in Lemma IV.2 imply that Equation (15) 
where m pair is an integer depending on the pair of tuples.
With this equality and
What we need to show is that for every i, j, n and m pair that can appear in this expression with a non-zero coefficient the exponent of √ vv is even and nonnegative, so that one obtains a polynomial in u, v and v. We know that g a,b is a polynomial in u, e it and e −it , so for all terms that have a non-vanishing coefficient c i, j,n,pair , the exponent of e it given by 
since jx + ny is a multiple of 2 m and 2 m is the highest power of two dividing s C . Thus 
is the Garside element and w is some braid word on s strands. This condition is equivalent to requiring that the second half of the braid word B is exactly the same as the first half, but with all the indices mirrored, so
If both x and y are odd and s C , then the link is the closure of a braid B of the form B = ww for some braid word w, where w is the word w with all signs switched, i.e. σ ε 1 j 1
. It follows that every closure of such a braid must be strongly positive amphicheiral.
If x and y are odd, but s C is even, the symmetry in the braid word is more complicated and so far we have not found a precise description. The difficulty arises because the symmetry of the parametrisation implies that a crossing at a given value of t of x leads to another crossing at t and −x (rather than t + π as in the previous case). There is now a multitude of different cases, depending on for which values of t there are strands that cross at x = 0 (and thus do not necessarily induce an extra crossing) and how many of these strands there are. Note that several crossings could occur simultaneously at a given value of t at x = 0. This makes a description of the symmetry in terms of braid words harder than in the previous cases.
Although we are not aware of any concrete examples, we expect that not every braid with a braid word of one of the forms above satisfies the conditions in Lemma IV.2. Again we are not aware of an algorithm that determines whether a given link satisfies one of these properties.
Lemmas IV.1 and IV.2 allow us to construct polynomial maps R 4 → R 2 whose vanishing set on the three-sphere of any radius is a certain link. As mentioned in the introduction the initial motivation for us to construct knotted vanishing sets of polynomials came from physics. A polynomial whose nodal set on a three-sphere is a given link can be used as an initial configuration in a variety of physical systems. We would like to point out that the polynomials constructed in this section can be used in this way when they are restricted to a three-sphere of radius ρ .
The constructed polynomials have a weakly isolated singular point at the origin. In both Lemmas IV.1 and IV.2 the resulting polynomials are semiholomorphic and its degree with respect to the complex variable u is equal to the number of strands s used in the construction.
In the following we investigate if some of the constructed polynomials have in fact an isolated singular point rather than only a weakly isolated one. does not. In order to show Theorem I.1 we make use of a lemma shown in [9] . (4) 
Lemma V.2. (cf. [9]) Let w be a strictly homogeneous braid. Then there exists a finite Fourier parametrisation of w as in Equation
be a finite Fourier parametrisation of the braid w. Then
is a finite Fourier parametrisation of the braid B. Furthermore, if we use the parametrisation given in Equation (23) Note that if w has a parametrisation as in Equation (22) 
It follows from
since g a,b does not have any argument-critical points.
Consider now the Jacobian of p a,b,k at a point (u, v) ∈ C × (C\{0}) with
, |v|, arg(v)) as a basis for R 4 (whether the Jacobian has full rank or not does not depend on the choice of basis). We already know that in this basis the Jacobian has the form
We calculate
where the last equality follows from
it ) = 0. But this means that by Equation (26) 
Hence α β γ δ has rank 2 and (u, v) is a regular point. Thus the origin is the only critical point of p a,b,k and therefore isolated.
Lemma V.3 concludes the proof Theorem I.1. We have shown that closures of even powers of strictly homogeneous braids are real algebraic.
B. More constructions of real algebraic links
In Section III we introduced two classes of braid parametrisations that lead to p a,b,k being a polynomial map if q 1 and q 2 are chosen appropriately. The first of these classes is the set of squares of braids (cf. Lemma IV.1) and the second class consists of the braids whose parametrisations satisfy certain arithmetic conditions (cf. Lemma IV.2). For the first class we showed in the proof of Lemma V.3 that one extra condition, namely the absence of argument-critical points, is sufficient to guarantee that p a,b,k has an isolated singular point. In this section we investigate the effects of such a parametrisation of braids that belong to the second class.
In the proof of Lemma V.3 the stretching parameters a and b are constants. In the following they depend on r = |v|, since for the relevant polynomial p a,b,k for braid parametrisations of the second class q 1 and q 2 are not both zero. While large parts of the proof of Lemma V.3 remain unchanged, this fact implies that the derivatives with respect to r differ.
Recall that the arithmetic condition in Lemma IV.2 requires a finite Fourier parametrisation of the braid where for both the x-coordinate and the y-coordinate all frequencies with non-zero coefficients are in the same residue class mod 2 m+1 , where 2 m is the largest power of 2 dividing s C , the number of strands in each link component.
This way every parametrisation of this form specifies two residue classes 2 m+1 , one
for the x-coordinate and for the y-coordinate. While in general these two classes are not identical, we begin by studying the special case where they are. 
and hence 
VI. REAL ALGEBRAIC LEMNISCATE KNOTS
We discussed lemniscate knots in [8] as a family of links that have a parametrisation as in Equation (1) 
Several properties of this family of links can be found in [8] , among others that a braid parametrised by Equation (31) has a braid word of the form (σ 
where 2 m is the largest power of 2 dividing s C = s/ gcd(s, r). Since all lemniscate links are closures of strictly homogeneous braids, all lemniscate links with even r are real algebraic and can be constructed as links of isolated real singularities as described in Section V. We can hence assume that r is odd and thus 2 m is the largest power dividing s.
If r is odd, then it is coprime to 2 m+1 and hence Equation (32) implies ℓ ≡ 1 mod 2 m+1 .
These are all lemniscate links that Lemma V.4 can potentially be applied to and that are not already covered by Section V.
We encounter one typical intricacy in the application of Lemma V.4. As we have seen, a lemniscate link with ℓ ≡ 1 mod 2 m+1 has a Fourier parametrisation that satisfies the desired arithmetic properties. That same braid also has a parametrisation that satifies the condition that g a,b does not have any argument-critical points. In order to use Lemma V.4
we need to find a parametrisation that satisfies both conditions simultaneously.
Note that by Lemma V.4 finding a value for b such that g 1,b , constructed as in Equation We denote by u k (t), k = 1, 2, . . ., s − 1 the s − 1 solutions of
∂t (u,t) = 0 for a given t ∈ [0, 2π] and need to check that
for all k = 1, 2, . . ., s − 1 and all t ∈ [0, 2π].
In the case of ℓ = 3 and s = 5, which are the lowest numbers satisfying ℓ ≡ 1 mod 2 m+1 that do not lead to torus links, we find numerically that it is sufficient to let b equal 1/4. An analytic proof of this would be desirable, but note that for b = 0 the function
is piecewise constant where it is defined. This means that using limit arguments becomes challenging.
It becomes increasingly harder to determine sufficient values of b numerically as ℓ and s increase, since it involves finding the roots of a continuous family of polynomials of degree s − 1.
VII. THE STRONG MILNOR CONDITION
For a complex plane curve f : C 2 → C with an isolated singularity at the origin f /| f | automatically is a fibration of S 3 ε \ f −1 (0) over S 1 for small enough ε > 0. Even though real algebraic links are fibered, it is not always the case that f /| f | is a fibration of S 3 ε \ f −1 (0) when f : R 4 → R 2 is a polynomial with an isolated singularity.
The following definitions and Theorem VII.4 can be found in [14] and [15] . 
is a fibration for all 0 < ρ < ε.
In this section we show that the maps p a,b,k as in Lemma V.3 and Lemma V.4 satisfy the strong Milnor condition. We start with a definition.
Definition VII.2. Let f : R 4 → R 2 be a polynomial map with an isolated singularity at the origin and L ℓ ⊂ R 2 be the line through the origin corresponding to ℓ ∈ RP 1 . Then we define X ℓ = {x ∈ R 4 : f (x) ∈ L ℓ } and call X = {X ℓ : ℓ ∈ RP 1 } the canonical pencil.
Note that with this definition each X ℓ is a 3-dimensional manifold and the different X ℓ meet at f −1 (0). The concept of d-regularity can also be defined for metrics that are not the standard metric. In fact, d-regularity for some metric induced by a positive definite quadratic form is equivalent to the strong Milnor condition. In the case of the maps that we constructed in Section V it is sufficient to consider the standard metric. is a fibration.
We hope that the explicit construction of polynomials and fibrations for the links that were shown to be real algebraic in Section V helps to investigate properties of real algebraic links and of their fibrations. [3] J Alexander. A lemma on a system of knotted curves, Proc. Nat. Acad. Sci. USA 9 (1923) 93-95.
